Abstract. The aim of this paper is to give characterizations of a general concept of trichotomy of time-varying linear systems described by difference equations with noninvertible operators in Banach spaces. This concept contains as particular cases the classical properties of (uniform and nonuniform) exponential trichotomy and polynomial trichotomy. The approach is motivated by two examples.
Introduction
As a natural generalization of exponential dichotomy, exponential trichotomy is one of the most important properties of dynamical systems ( see for eg. [1] , [2] , [3] , [4] , [5] , [6] , [10] , [11] , [12] , [15] , [16] , [18] and the references therein) playing a crucial role in the study of centers manifolds.
The concepts of trichotomy was identified for the firs time in literature in 1976 by R.J. Sacker and G.R. Sell in [17] . They described trichotomy of linear differential systems by linear skew-product flows. The first studies devoted to the trichotomic behavior for differential equations was initiated by S. Elaydi and O. Hajek [8] . Later, for the case of difference equations, an interesting study concerning several trichotomy concepts was considered by S. Elaydi and K. Janglajew in [7] .
The importance of exponential trichotomy in the study of dynamical systems is well-established, as we can see for example in [9] where it is proved that this property is a necessary condition for the presence of ergodic solutions of linear differential and difference equations.
The case of a particular concept of nonuniform exponential trichotomy was considered by L. Barreira and C. Valls [5] opening a new direction of study by treating the trichotomy in the context of nonuniform hiperbolicity theory. As we will see later in this paper, there are linear systems which do not admit a uniform exponential trichotomy which motivates our study of the nonuniform exponential trichotomy.
The aim of this paper is to give some characterizations for a more general concept of nonautonomous discrete dynamical systems in Banach spaces. Thus we obtain variants for h−trichotomy (in particular for nonuniform exponential trichotomy) of some known results in the theory of uniform exponential trichotomy [14] and nonuniform exponential trichotomy [13] . Some examples are included to illustrate the connections between the uniform and nonuniform trichotomy concepts considered.
Preliminaries
Let X be a Banach space and let I be the identity operator on X. The norm on X and on the space B(X) of all bounded linear operators on X, will be denoted by · . We also denote by ∆ the set of all pairs of natural numbers (m, n) with m ≥ n and T = ∆ × X.
Let (A n ) be a sequence in B(X). We consider the linear discrete-time system
The discrete evolution operator associated to (A) is
A projections sequence (P n ) with the property A n P n = P n+1 A n for every n ∈ N is called invariant for the system (A).
Remark 1. The projections sequence (P n ) is invariant for the system (A) if and
Definition 2. Three projections sequences P 1 , P 2 , P 3 : N → B(X) are called supple-
, for all n ∈ N and all i, j ∈ {1, 2, 3} with i = j; (s 2 )
and all i, j ∈ {1, 2, 3} with i = j, where P j n = P j (n).
Let h : N → [1, ∞) be a nondecreasing sequence of real numbers with h(n) = h n for every n ∈ N. Definition 3. We say that the system (A) is h−trichotomic if there exist three supplementary projections sequences P 1 , P 2 , P 3 : N → B(X) which are invariant for (A) and there are two positive constants a, b and a sequence of nonnegative real
In particular case when the sequence (c n ) is constant, we say that (A) is uniformly h−trichotomic.
Remark 2.
As particular cases of h−trichotomy we observe that (a) if h n = e n , then we recover notion of nonuniform exponential trichotomy and in particular when (c n ) is constant and h n = e n we obtain the classical property of uniform exponential trichotomy;
(b) if h n = n + 1, then we recover the notion of nonuniform polynomial trichotomy and in particular when (c n ) is constant and h n = n + 1 we obtain the property of uniform polynomial trichotomy;
(c) if P 3 = 0 the we recover the properties of h−dichotomy, nonuniform exponential dichotomy (for h n = e n ),uniform exponential dichotomy (for h n = e n and (c n ) constant), nonuniform polynomial dichotomy (when h n = n + 1) and uniform polynomial dichotomy (for h n = n + 1 and (c n ) constant).
An example of linear discrete-time system (A) which is uniformly h−trichotomic is given below.
Ioan-Lucian Popa, Mihail Megan and Traian Ceauşu -On h−Trichotomy . . . Example 1. On X = R 3 endowed with the norm (x 1 , x 2 , x 3 ) = max{|x 1 |, |x 2 |, |x 3 |}, we consider the projections sequences
We consider the system (A) defined by the sequence (A n ) given by
We have that the discrete evolution operator associated to (A) is
We can see that
, thus system (A) is uniformly h−trichotomic
Remark 3. A uniformly h−trichotomic system (A) is h−trichotomic. Now, we present an example which shows that the converse implication is not true.
Example 2. On X = R 3 we consider the linear discrete-time system (A) defined by the sequence (A n ) given by
where P 1 n , P 2 n , P 3 n are the canonical projections and a n = e n 1+un with u n is a periodic sequence defined by {1, 2, 3, 1, 2, 3, . . .}.
It is easy to check that for h n = e αn , c n = e n/4 and α ∈ 0,
On the other side, if we suppose that the system (A) admits a uniform approach, tacking into account (ht 1 ) from Definition 3 with h n = e αn , m = n + 2, n = 3p, u m = 3 and u n = 1 we have that ≤ c which shows that nonuniform part cannot be removed.
h−trichotomy with two projections sequences
It is well-known that the dichotomy properties of discrete dynamical systems are defined with aid of two projections sequences. In order to give a characterization of the h−trichotomy property using two projections sequences, we introduce Definition 4. Two projections sequences Q 1 , Q 2 : N → B(X) are said to be orthog- Let P 1 , P 2 , P 3 , Q 1 , Q 2 : N → B(X) be five projections sequences with P 1 = Q 1 , P 2 = Q 2 , P 3 = I − Q 1 − Q 2 . Then P 1 , P 2 , P 3 are supplementary if and only if Q 1 and Q 2 are orthogonal.
Proof. Necessity. If P 1 , P 2 , P 3 are supplementary then from (s 2 ) and (s 3 ) we obtain
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and hence P 1 , P 2 , P 3 are supplementary.
A characterization of the h−trichotomy property in terms of two orthogonal projections sequences is presented in 
for all (m, n, x) ∈ T.
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Proof.
We have that (ht 1 )⇔(ht 1 ) and (ht 2 )⇔(ht 2 ). Necessity. Suppose that (A) is h−trichotomic. Let Q 1 , Q 2 be the orthogonal projections sequences (given by Proposition 3) associated to the supplementary projections P 1 , P 2 , P 3 given by Definition 2. To prove (ht 3 ) we observe that (ht 1 ), (ht 3 ) and (s 3 ) imply
for all (m, n, x) ∈ T, which proves (ht 3 ). Similarly, by (ht 2 ), (ht 4 ) and (s 3 ) we obtain
for all (m, n, x) ∈ T. Thus, (ht 4 ) is proved. Sufficiency. If we denote by P 1 = Q 1 , P 2 = Q 2 and P 3 = I − Q 1 − Q 2 = (I − Q 2 )(I − Q 1 ) = (I − Q 1 )(I − Q 2 ) then by Proposition 3 it follows that P 1 , P 2 , P 3 are supplementary projections sequences and P 1 , P 2 , P 3 are invariant for (A). It remains to prove the implications (ht 3 )⇒(ht 3 ) and (ht 4 )⇒(ht 4 ). Indeed, from (ht 3 ) we obtain
for all (m, n, x) ∈ T. Finally, we obtain that (A) is h−trichotomic.
h−trichotomy with four projections sequences
In order to obtain a characterizations of the h−trichotomy property in terms of four projections sequences we introduce Definition 5. Four projections sequences R 1 , R 2 , R 3 , R 4 : N → B(X) are said to be
for all (n, x) ∈ N × X, where R j n = R j (n) for all n ∈ N and j ∈ {1, 2, 3}.
Remark 5. If X is a Hilbert space then the conditions (c 1 ), (c 2 ) and (c 3 ) imply the equalities (c 4 ), (c 5 ) and (c 6 ).
Remark 6. If P 1 , P 2 , P 3 : N → B(X) are three supplementary projections sequences then the projections sequences R 1 , R 2 , R 3 , R 4 : N → B(X) defined by R 1 = P 1 , R 2 = P 2 , R 3 = P 1 + P 3 and R 4 = P 2 + P 3 are complementary.
Remark 7. If R 1 , R 2 , R 3 , R 4 : N → B(X) are four complementary projections sequences then the projections sequences P 1 , P 2 , P 3 : N → B(X) defined by P 1 = R 1 , P 2 = R 2 and P 3 = R 3 R 4 are supplementary. 
Proof. Necessity. If (A) is h−trichotomic, P 1 , P 2 , P 3 three supplementary projections sequences given by Definition 2 and R 1 , R 2 , R 3 , R 4 defined as in Remark 6, then (ht " 1 )⇔(ht 1 ) and (ht " 2 )⇔(ht 2 ). Thus, similarly as in the proof of the implication (ht 3 )⇒(ht 3 ) we obtain for all (m, n, x) ∈ T. Thus the property (ht " 3 ) is proved. The proof of (ht " 4 ) is similar. Sufficiency. Let P 1 , P 2 , P 3 : N → B(X) given by Remark 7. Then P 1 , P 2 , P 3 are supplementary projections sequences which are invariant for (A) and satisfy the inequalities (ht 1 ) and (ht 2 ). To prove (ht 3 ) we observe that from (ht "
3 ) we obtain for all (m, n, x) ∈ T. Similarly, we prove that (ht " 4 )⇒(ht 4 ). Finally, we conclude that (A) is h−trichotomic. 
